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Using statistical mechanical pertttrbation theory, the second-order average 
current density response is calculated for magnetic field-free classical plasmas. 
A dynamical fluctuation-dissipation theorem is then derived, thus estab- 
lishing a connection between triplet microscopic current-current correlations 
and quadratic response functions; it also leads to a static fluctuation- 
dissipation theorem which provides a dielectric description of the equilibrium 
ternary correlation. A comparison of the latter with its expansion in terms 
of the Mayer pair correlation clusters is discussed. 
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1. I N T R O D U C T I O N  

The convent iona l  f luctuat ion-diss ipat ion theorem ( F D T )  establishes a 
relat ion between the equi l ibr ium corre la t ions  in and the l inear response o f  
the same system to a small  external  pe r tu rba t ion .  ~1~ In par t icular ,  the per- 
t inent corre la t ions  are  doub le t  corre la t ions ,  i.e., corre la t ions  connect ing  
physical  quant i t ies  a t  two different space - t ime  points .  A specialized form of  
the general  dynamica l  F D T  is its static var iant ,  which provides  in format ion  
a b o u t  the pa i r  cor re la t ion  funct ion in thermal  equi l ibr ium.  ~2) 
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The response of a system, in general, is, however, not restricted to be 
linear. In the family of nonlinear response functions, second-order ones are 
the simplest objects and their properties and explicit functional forms have 
been studied in plasma physics, crystal physics, and nonlinear optics/3~ That 
such a quadratic response function should satisfy some kind of a fluctuation- 
dissipation-like theorem is a rather obvious expectation. Indeed, even a 
cursory reflection over the derivation of the linear FDT should suggest 
a connection between second-order response and triplet correlations. 

The present paper is devoted to the establishment and examination of 
this quadratic fluctuation-dissipation theorem, whose existence, thus, is not 
unexpected. The relation and its derivation are, however, far from being a 
trivial exercise in perturbation theory. Of special interest is its static (dc) limit, 
which leads to a relation for the three-particle (ternary) correlation function 
in thermal equilibrium in terms of the static quadratic response function. The 
linear FDT already possesses a noteworthy "order-raising" property: When 
applied to quantities calculated in the "plasma approximation, i.e., by 
expanding in the small parameter (ne2~) 1/~ e2t~ ({3 is the inverse temperature), 
the FDT expresses (n + l)th-order (in particular, first-order) pair correlation 
functions in terms of the nth-order (in particular, Vlasov) response functions. 
A similar, though enhanced feature prevails in the present case: The "order- 
raising" now operates by two units, thus providing a connection between the 
(n _ 2)th-order (in particular, second-order) triplet correlation function and 
the nth-order (in particular, Vlasov) quadratic response. 

FDT relationships between higher-order correlations and transport 
coefficients have also been established by Friedman et aL {t) for systems (such 
as partially ionized gases and electrolyte solutions) under homogeneous and 
stationary perturbations. The role of the higher-order correlations under 
these circumstances is either to modify the dynamics of simple collisional 
models or to alter the relationships between diagonal and off-diagonal (Hall 
components) matrix elements of the conductivity. In contrast, our analysis is 
restricted to a consideration of diagonal longitudinal (with respect to the 
wave vectors) elements only and assumes that the driving perturbations are 
functions of space and time. We therefore obtain wavevector- and frequency- 
dependent FDT relations which are model-independent. Our analysis never- 
theless shares one common feature with that of Friedman et al. : Both their 
and our approach have independently established that the second-order 
longitudinal projection of the wavevector- and frequency-independent 
conductivity is identically zero. 

While in this study we restrict ourselves to a consideration of fully 
ionized plasma, we do this for the sake of concreteness and in order to deal 
with an easily tractable model; it should be understood that our conduc- 
tivity-equilibrium correlation FDT relations and the ensuing dielectric 
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formulation of the ternary correlation function are entirely valid for weakly 
ionized plasmas and related systems. The collisional model dependence 
arises only when one seeks more detailed descriptions of the correlations, 
obtained from an evaluation of the transport coefficients from specific 
kinetic equations. The order-raising property of the so-called static FDT, for 
example, is model-dependent; so is the lowest-order Mayer cluster expansion 
for the ternary correlations function obtained by evaluating the dielectric 
functions from the Vlasov equation; both of these approaches are based on 
an explicit expansion of the collision operator in e z, the plasma coupling 
parameter. 

There is no external magnetic field in our model and we consider a 
longitudinal (Coulomb) field only as the perturbation. Therefore there is no 
magnetic field at all in the system and that leaves two independent elements 
in the three-dimensional 3 • 3 • 3 matrices of the conductivity tensor 
6 ~  [see Eq. (26)] and related objects. 

This remainder of this paper is divided into two main parts. Section 2 
concerns itself with the development of nonlinear dynamical fluctuation- 
dissipation theorems, while Section 3 considers their static limit and sub- 
sequent application to equilibrium statistical-mechanical calculations of the 
ternary correlation functions. More precisely, Section 2.1 describes the 
unperturbed state of the magnetic field-free plasma. In Section 2.2, wc let 
the equilibrium plasma be driven by a small time-dependent scalar potential, 
and we determine the subsequent average second-order current density 
response using the well-known statistical-mechanical perturbation-theoretic 
method of Kubo. ~,'L~) In this method, one essentially follows the evolution 
of the first- and second-order Liouville distribution functions; the average 
second-order response, which is of interest here, is then calculated by ensem- 
ble-averaging the microscopic current density over the second-order distribu- 
tion function. This result and Ohm's law for the external conductivity 
(response function which connects the induced current to products of the 
driving electric field) are then used in Sections 2.3 and 2.4 to establish 
dynamical FDT relationships between the quadratic external conductivity 
and triplet correlation of the microscopic current densities in the equilibrium 
state. Our results are presented in a variety of forms. For example, the 
FDT's (33) and (48) each relate a single current correlation to a combination 
of three conductivities. Such time-domain and frequency-domain representa- 
tions are seen to be manifestly symmetric under interchange of their two 
space-time (or equivalently k~o) variables. Beyond this, we shall see that 
FDT relations like (48) and (66) exhibit a higher triangle antisymmetry for 
three (kco) defined by Eqs. (40). We exploit this symmetry in Section 2.4 to 
extricate the current correlation function from under the integral equation it 
originally is associated with, thus enabling us to derive explicit relations for 
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it. In Section 2.4, we introduce new internal response functions, paving the 
way for Section 3, where, in Section 3.1, a simple relationship is then 
established between the equal-time ternary charge density correlation func- 
tion and a single static (zero-frequency) internal response function. This 
result is then used in Section 3.2 to establish the F D T  for the ternary correla- 
tion o f  equilibrium statistical mechanics. Finally, in Section 3.3, we compare  
these results with the relations provided by the Mayer-type cluster expansion 
in equilibrium statistical mechanics and by BBGKY-type  kinetic equations 
for the connection between ternary and binary correlation functions. 

2. N O N L I N E A R  RESPONSE A N D  T H E  D Y N A M I C A L  
F L U C T U A T I O N - D I S S I P A T I O N  T H E O R E M  

2.1. Description of the Unperturbed System 

Consider a classical electron plasma in the large but bounded volume V. 
For  the present, only the N electrons (each of  mass m and charge e = - I e I) 
are assumed to be dynamical;  the N/Z  positive ions (each of  mass M and 
charge Z :  e 1), which are present to provide a stabilizing background,  are 
considered to be nailed down to fixed spatial points?  

The microscopic charge and current densities at the space-t ime point 
(r, t) are respectively given by 

N 

p(r, t) : :  e ~ 3(r - xi(t)) (1) 
i = 1  

N 

j(r, t) -- e ~ vi(t) ~(r -- xi(t)) (2) 
i = t  

with spatial Fourier  transforms a 

N 

pk(t) := e ~ exp[ - - i k ' x i ( t ) ]  (3) 
i = 1  

a Our theory can be easily extended to take account of dynamical ion motions [e.g., see 
Eq. (78)]. In this more realistic plasma model, the ions and electrons are then assumed to 
coexist in thermal equilibrium (7", ~ 7~). 

4 We adopt here the Fourier transform convention: 

"no f f(k, co) -- |. dt d3r{expli(oJt - k �9 r)]l f(r, t) 
d - n o  V 

f f(r, t) = (1; V) Z (dco,,2rr){cxp[i(k �9 r - cot)]}f(k, co) 
X- 
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N 

jk(t) = e ~ vi(t) exp[--ik �9 x,:(t)] (4) 
i ,  1 

where the x~ and v~ are the particle coordinates and velocities, respectively. 
The unperturbed state of the electron plasma in the intinite past is 

characterized by the macrocanonical distribution function (normalized to 
unity): 

.Q(o, = (exp --flH'~ dp exp- - f i l l  '~ (5) 

where Pi is the ith particle momentum, 

N N+(N/Z) 
ap .... 1-I 1-I a %  

i = 1  j = l  

fl-1 is the temperature in energy units, and 

N N N / Z  

H(~ : Z (P, 2/2m) T ~e" Z r xj) + Ze 2 Z Z q~,,(xl-- x~-) 
/ = 1  i , j  ~1 z ~ l  j,- 1 

N / Z  

t- �89 z Y', 4i~(Xi-- x~) (6) 
i , j ~  l 

is the unperturbed Hamiltonian including electron-electron, electron-ion, 
and ion-ion interactions. For a partially ionized plasma (which is not of 
interest in this paper), H (~ should of course be extended to include both the 
kinetic energy contributions from the neutral constituents and neutral- 
neutral and neutral-charged-particle interactions. In the sequel, we shall see 
that the average current density response is independent of any such modi- 
fications in H (~ (in so far as H (~ is explicitly independent of the perturbing 
field) and depends explicitly on the form of the Hamiltonian H (z~ for the 
interaction between the plasma and the external electric field perturbation. 
Since H (1) is unaffected by the presence of neutrals [see Eq. (l 1) below], it is 
clear that the conductivity-equilibrium correlation FDT relations of this 
paper will have the same form, whatever be the (nonzero) degree of ioniza- 
tion. 

2.2. Nonlinear Response Theory 

Following the well-known statistical-mechanical perturbation-theoretic 
method of Kubo, we analyze the second-order response of the plasma to the 
weak time-dependent external scalar potential 

q~(r, t) = (l/V) ]~ q~k'(/) exp(ik' �9 r) (7) 
k" 
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We assume that  the per turba t ion  is sufficiently weak to allow one to 
expand the relevant quantit ies in powers  of  the per turbing field. 

The  Hami l ton ian  H and the Liouville opera tor  

L -~ - - i [ H , . . . ]  :-- i a x ,  a~p~- --  apSE. ax~ (8) 
i = l  

are, at most ,  per turbed to first order  in ~, i.e., 

H = H (~ -~- H r (9) 

L :: L ~~ + L (u (10) 

where 

and 

H ( X ' ( t )  == ( I /V)  ,~, ~k(t) P -k ,  (1 1) 
k 

L"'(t)  - - ( i / v )  y~ ~k(t ) [0- .  .... ] 
k 

The subsequent  per turba t ion  of  the Liouville equat ion 

eO/et  -- --iL~2 

for  the distr ibution function s results in the formal  solution 

~c~ = ~r~(O) ~ -  ~ ( 1 }  - /  ~ ( 2 )  - t -  " ' "  

where 

02) 

(13) 

(14) 

g2(z~(t) = . . . .  i j d~-(exp - - i r L  (~ L~Z~(t - -  -c) .Q(o) (15) 
0 

.75 ~ 

(2 '" ( t )  . . . . . .  j d~" j d r '  (exp - - i r L  '~ L ' Z ' ( t  - -  r )  
0 0 

• (exp - - i r ' L  (~ L(Z~(t - ~ - ~-') .Q(O) (16) 

Fur ther  deve lopment  of  the expression (15) for  if2 (1) and subsequent  ensemble- 
averaging of  the microscopic  current  density (4) over  ~2 (z) leads to the well- 
known average first-order current  density response and linear conduct iv i ty?  
I t  is the deve lopment  of  g2 (2~ with is o f  interest in this paper.  

For  this calculation, we first observe f rom (12) and (5) that  

L ' a ' ( t  - -  ~- - -  r ' )  g-2 (~ . . . . . .  ( i / V )  ~ ~k"(t --  ~" -- ~ " ) [ p - k " ( t ) ,  .Q(0)] 
k "  

= ( - - i f 3 0 ( " ' / V )  ~ e k " ( t  - -  r - -  r ' ) [ H  '~ p - k " ( t ) ]  
k " 

= ( i f l . Q ( ~  ~ k~k,Fk-v(t" " : - -  r .... ~") j-k"e(t) (17) 
k"  

5 See, for example, Ref. l(c), p. 580, Eq. (5.11) with h = 0. 
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where k" is the unit wave vector and F-~k" : --ik"q~k" �9 Since 

jk(t) - (exp i rL <~ jk(0) (18) 

satisfies the "Heisenberg"  equation 

djk(t)/dt  := iL(~ ) 

it follows that 

(exp - i r 'L  ~~ LIl~(t -- ~" r ' )  Q~o~ 

:= ( i f l Q ' ~  Y,  k~k~'~k.~(t  - -  ~- - -  ~-') j_k' t3( l  - -  r ' )  (19) 
k " 

Continuing the calculation according to (16) and using (! 2), one has that 

L m ( t  - -  r)(exp - - i r ' L  ~~ l.~lJ(t --  ~" --  "c') O "  

V" ~ kek~Ek"~(t --~" . . . .  ~") q~k'(t T')[p_k,(t), ffY~ r ')]  
k ' k  ~ 

V 2 
k~k,,'k" 

E . . . .  ~ 7 - - - "  / ~ k ' , , (  ~ . . . .  "7")  ~ k " v ( t  - -  T - -  T ' )  
k**k ~ 

• {iflk~'j_.k'~(t)j_k"A(t .... '7")]- [p-k(t), j .k"n(t  -- r')]} (20) 

so that  use o f  the Heisenberg time-shifting proper ty  (18) in the subsequent 
operat ion of  exp(--&L<~ on (20) ultimately leads to 

fl~c2(O) ' " " j.t . t"  
k. kekv dt" .o'~'(0 -- v~ Z k' d r  I ~,,,(t ') ~%(r ')  

k , k  ~ �9 -~ r  ~ _ ~  

t . / �9 t t • {fik~J_k'~(t ) j_k-~(t")  - -  / [P -k ' ( ) ,  j-k'~(t")]} (21) 

where t ' =  t - -~ - ,  t " - - t ' - - r ' .  The two times t '  and t" are physically 
equivalent: therefore a symmetry with respect to p r ime-double -pr ime  inter- 
change should prevail. In order  to make the symmetry manifest, the order  o f  
integration should first be reversed as follows: 

k,, kek v dt" 
~,'~'(t) = - v Z -  E k' t,. t ~ tt dt '  ~k',,(t ) ~k%(t ) 

X {flke,'j_k'~(t' ) ] _ k " B ( t " )  - -  / [ P - U ' ( / ' ) ,  j-k"B(t")]} ( 2 2 )  
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Then, upon interchanging the t' and t" variables, making the appropriate 
interchanges among the (dummy) tensor indices, and combining the resulting 
expressions with (21), one obtains 

5"0co' ( '  
::: ~V-~-  ~ k~'k,,tk~k~ ' 

ifl~2(o) , ,, ,, f t  k. kt~k~ 
- 2V ~ ~ k' 3 

k ' , k "  - m  

ifi~to) ' , ,, ~* k~ k s k~ 
2 V 2 ~ k" J 

k ' , k "  - - m  

~ t  

dt'  J 

t '  

t r /T o t �9 t/ 
dt" /~.k,,.(t ) ~k%(t )J  .k'~(t )J-k"~(t ) 

dt"/~k'.(t ') J~'k%(t")LO-k'(t'), j- k"~(t")] 

f t j ~  p! it �9 t , t dt' dt" ~k'~,(t ) k%(t )[p-k'(t  ), J-k't3(l )] 
t "  

(23) 

We are now ready to calculate the average second-order current density 
response according to 

( j k . / ( t ) )  (~) = f dx dp .Q(2)jk~, (24) 

I t  is convenient to rewrite (23) in terms of the relative time variables r '  ---- t - t', 
r "  = l -  t". Then, upon putting this latter into (24) and exploiting the 
stationarity of the equilibrium system, one obtains an expression which is 
most conveniently formulated as an integration over the entire time domain 
by introducing appropriate step (0) functions. Thus the average second- 
order current density response becomes 

(jk~,(/)) <2) 
oo :o 

E k. 'k: f dr' f_~odr" P~k'.(t - -  r ' )  e,-~(t -- r") O(r ')  O(r") 
2 V 2 k . . . .  

X {flk~'k~<j_k'~,(O) j_.k-a(r' -- "r") jk.,(r')) m' 

ik,~ ( [ p _ k , ( 0 ) ,  j _k -~ (T '  - -  r " ) ]  jk..(~')) (~ O( ' r "  - -  ~') 

i k j  
k" ([p_k-(O), j - k ' o ( r " - -  r')] jk.,(r")) (~ O(r' --  r~ (25) 

where the (...)(o~ brackets denote ensemble-averaging with respect to ~(0~ 
and k" = k -- k' in virtue of the homogeneity of the system. 

2.3. Dynamical Fluctuation-Dissipation Theorems 

The average second-order current density response is connected to tile 
external driving fields I~ through the quadratic external conductivity 

~ (2) ,',_, ' I "")  av,~K, k"; r ,  



Nonlinear Fluctuation-Dissipation Theorem 95 

defined by Ohm's  law('~: 

{Av(t)) (2) 

( 1 / v ) ~ j  aT-' I o'T ' ' ' -~ '  . . . . . . . . . .  = ,~.,.v~K, k , 7-, ~") ~.'k'.(t . . . .  ~')  fi'k-~(t - -  7- ), 

k " - -  k - k '  (26) 

Comparison of  Eqs. (25) and (26) then leads to the primitive form of  the 
quadratic theorem (FDT):  

6-(2)(k ', k';  7-', 7-") 

= ( [ 3 / 2 V )  O(" r ' )  O ( r " )  k.,,{/3k:, 'k;~(j_k,:. ,(O) j.. k-.~,~(T' - -  7-") A.>,(7-')/~')' 

- -  ( i k ~ / k ' ) ( [ p _ ) , , ( O ) ,  j - -k ' r : , ( r '  - -  ~'")]  j k - , , ( r ' ) )  (~ @('r '" - -  ' r ' )  

- -  (ike'/k")([P-.k'(O), J-k'e(7- . . . . . . . . .  - -  7" )J Jk.etT" )2(0) 0(7-' - 7-")} (27a) 

where again k" = k -- k'  and where the scalar conductivity 

6(")(k', k"; r ,  7-') ~- '- . . . . . . . .  (2) . . . . .  ' K~K,, K~a./,AK , k , 7"', 7-') (27b) 

obviously projects out  the longitudinal (with respect to k) response to the 
longitudinal excitations Ek',Ek% �9 The 1.h.s. o f  (27a) is manifestly symmetric 
in prime--double-prime interchange [were it not, only the symmetric projec- 
tion would enter in (26), which thus could be redefined as d~("~]. So is the rhs 
thanks to the manipulat ion performed earlier. 

An alternative, more compact  form of  (27a) can be derived with the aid 
of  a Poisson bracket relation which is exhibited in Appendix A: 

( [p . . k , (0 ) ,  j ~-~(7-' - ~ ' ) ]  A 4 ~ ' ) )  ~~ 

. . . .  iflk~'(j_k'~(O) j - k%(r '  - -  r") jk./(r')'2 I~ 

- -  ( [p_k'(0) ,  Ay(7-')]  J- k"e(r' - -  r"))  (~ (28) 

Noting also the counterpar t  o f  (28) formed from pr ime-double-pr ime inter- 
change, the transformed form of  (27a) becomes 

6c~J(k ', k"; r',  r ' )  

=~ @(7-') 0(r")(i/3/2 V) kv{(k~/k')([p_k,(O), j ~ ( r ' ) ]  j_ k',~(7-' -- 7--)~(o) 0(7-" --  7-') 

i -  (k~'/k')([p_k-(O), jkr(r ' ) ]  j-k',~(r" - -  7-,))(0, 0(7-' --  ~'")} (29) 

Invariance with respect to space reflection requires that 

~-12)(k', k ' ;  7-', 7-") = d-(2'(--k ', - - k ' ,  7-', r") (30) 
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with similar relations for the longitudinal projections of  the correlations of  
(27a) and (29). The usefulness of  this symmetry rule will soon become 
evident. 

Our next objective is to eliminate the unwieldy Poisson bracket terms 
entirely from the theorem and derive a relation for the triplet current cor- 
relation alone. In order to accomplish this, we first evaluate F D T  relations 
for 6(Z)(k ', - -k;  ,c"--,c', ,c") and 6r')(--k, k", .c', ,c'--- ,c"). Thus upon noting 
that a typical correlation term containing p undergoes a change in sign under 
time reversal, e.g., 

: . . . .  _ , c , ) / o j  , L o - k ' ( 0 ) , . / - k " ~ ( r  - ,c ' ) ] . /k>(  . . . . .  ( [ p _ k ' ( 0 ) ,  J - k " e ( ' c '  - -  r " ) ]  j k ~ ( , c ' ) )  (~ 

one can show that 

ar')(k', - -k;  ,c" -- ,c', ,c") ' ,c") -,- 6(2)(--k, k " ;  , c ,  ,c' - -  

ifl k~, i k~" 
-- 2 V l~v- ([p-k'(O), j-k~('c ' -- ,C")] jk~(,c')) (~ (0(,C') (0(,C") O('C" - -  ,C') 

k~' ,qi 
q- y i , -  (Lo-k"(O) ,  j_.k'~(,c" - -  ,c')] jkv(,c")> (~ O(,c')  (0(,c") @(,c' .- ,c "i 

ifl . . . . . . . .  k~ k~ {([pk(0) ' J-k%('c" ")] J-k'e('c' '))CO) O ( - - , c ' )  (0(,c") O(,c" - -  ,c') 
2V k 

"i- ([pk(0), j-k'~('c')] j -k". t( 'c")~ {~ (0(,C') (0(-- ,C")  (0(~' - -  ,C")} (31) 

so that the combination of  Eqs. (27a) and (31) gives 

6(Z~(k ', k"; ~-', 7") .... 6"(2)(k ', - -k;  "c" -- "c', "c") -- 6"{2)(--k, k"; ~", "c' -- "c") 

:-  2--V k~'k;kv(j_k.,(0) j_k-~(,c'  --- ~") jk.,('c')) C~ O('c') O('C") 

ifl k;/k:; {(Lok(0) ' j_k. (,c,)l j._k,~('c,))(0 ) 0(--,C') O(,C") O(.c" -- ,C') 
t-  2V k 

�9 ~ �9 " ( 0 )  -? ([pk(0), J-k',('c )1J-k",('c ) )  O(,c')  O ( - - , c " )  O(,c' - -  ,c")} (32) 

Successive 
only those 

6(2)(k ', k"; 

multiplication of (32) by O(,c') and O('c") then serves to project out 
terms which are nonzero for "c' > 0, ~-" > 0, namely 

�9 c', "c") -- 6'2'.(k ', - -k ;  r"  - -  "c', "c") O('c ')  

O(~)(--k, k"; .c', ,c' - -  ,c") 0( ,c")  

2 V k:k~'k.~<j~(0) j_ k.r,(~-') j_k-~(,c")>(~ ') 0 ( ~ " ) ,  

k" = k - -  k' (33) 
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This is now the desired result which, however, can be cast into a more useful 
form by taking the temporal  Fourier  t ransform and introducing 

7-t(k ', k"; ~o', a/ ') ---: 6r'~tk ', k"; co', co') 
~ c o  

- j ...~ a'~ +(~ -i- t~) ~"'(k' ,  - -k;  ~,  ~o --- 

..... J dl~ 3-.(o/' + /z) 6r'l( - -.-k, k ' ;  ~,/ �9 p., l,) (34) 

Q(k', k"; oJ, ~,") k~k,a k~Q~,~.Ak, k"; o/ ,  0 5 )  

Q~8.~(k', k"; o/ ,  co") (~(~o' + w" -- co) 

(1" / ' '  .... /4zrl )\Jk~(--oJ) j_k,c,(co') j_k%(~o")}q~ (36) 

with a::(oJ) --- �89 --- (i/2zr)P(1/m), allowing us to write 

V(k',  k"; co', ~") 

,~ - I  J t ~ j  J . ~ , " ~  . . . . . . .  ~) ...... ,, _ 6_AOj  �9 _ _~ t~) v) QIk', k , /~, 
J - - ~  . zc 

(37) 

We observe that (27b), (30), and the reality condition 

~ (2)  , I . ,  - .  , ~ ( 2 ) * /  l , '  . 0 .  
o . ~ . ~ t h ,  k , ~ o ,  ~ " )  = cry.,, t - - ~ ,  - - k  , - w ' ,  .co") 

combine to give 

6(2)(k ', k"; o/ ,  w") . . . .  5(")*(k ', k"; ---co', --co") (38) 

Clearly, the dynamical  F D T  (37) satisfies this last parity rule. 
Wc note here that  the real part  of  6 r'J has odd parity with respect to 

simultaneous sign reversal of  a,' and co". This, together with the fact that the 
average current  density is a bounded response to the bounded driving 
field, assures us that  the real part  o f  ~2) is identically zero in the dc limit 
o /  -- oJ" = 0. It follows from symmetry considerations [see Ref. 4(b), e.g.] 
that the corresponding wavevector- and frequency-independent  quadratic 
conductivity is identically zero. Their  result is compatiblei with ours if one 
exercises care by going first to the zero-freqeuncy limit and then to the zero- 
wavevector limit [see Eqs. (61) and (B.15) for  the explicit k-dependence]. 

In the sequel, the superscript (2~ will be omitted most of  the time without 
any danger o f  confusion. 

A final t ransformation which justified the nomenclature  in the F D T  is 

8 2 2 / 6 / 2 [ 3 - 3  
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obtained by taking the real (dissipative) part of W. Then, we observe from 
(36) that the current correlation tensor Q~B-/undergoes no net change in sign 
under simultaneous microscopic time revcrsal (co'-+--co' ,  oJ" - , - -co" ,  
oJ ~ - - c o )  and space inversion ( k ' ~ - - k ' ,  k"--+--k" ,  k . . . .  k), so that 
Q~e./(k', k"; co', co") and, consequently, Q(k', k"; co', co") must be real. The 
real part of (37) is therefore n 

7/'(k ', k"; co', co") 

:= -4 Q(k', k"; co', q" 3 ,~  PP j dl~ J dv 
- : o  - ~  

and it is hereafter understood that k" = k --- k'. 

(~' - t ~ ) ( o ~ "  - v )  

(39) 

2.4. Solution of the Integral Equation 

Equation (39) constitutes the closest analog of the linear FDT: both 
relate the dissipative part of a response function to the dynamical equilibrium 
correlations of microscopic current densities) The important difference, 
however, is that in the nonlinear case, Q appears in combination with its 
double Hilbert transform. Therefore, in order to obtain an explicit expression 
for Q in terms of  the response function, the resulting integral equation has to 
be solved. This is the purpose of  the present section. First, we note that the 
current correlation function is invariant--up to a sign change--with respect 
to rotation on the triangle formed by the "four-vectors" (k, w), (k', co'), 
(k", co"), i.e., 

Q(k', - -k;  --oJ', co) . . . .  Q(k', k"; co', co") (40a) 

: Q ( - k ,  k"; co, --co") (40b) 

The Hilbert transform operation, however, violates this invariance; thus the 
function W' does not satisfy a similar symmetry rule. 

One can, however, form the symmetrized combination 

~(k', k"; co', ~o") 
- -  l i p t t  t O j t r )  - -  t - - -  -- ~{~ (k ,  k , co, tP"(k', ---k; --~o, co) ~ ' ( - -k ,  k"; co, -co")} 

(41) 

which does possess the triangle antisymmetry exhibited by Q. 

Prime and double-prime symbols arc used (for example, as follows: 7 j ' =  Re 7", 
7 z" : I m  7 s) to denote real and imaginary parts. 
For the linear result, see, for example, Ref. 2(e), Eq. (117). 
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Proceeding ,  we have f rom (34) tha t  

tp ' (k ' ,  k"; co', co") = 6 ' (k ' ,  k"; co', co") ..... l ~. 6 ' (k ' ,  - - k ;  - -co ' ,  co) 

1 6'(--k,  k"; co, --co") 
2 

1 f ~  ,d/z ,, + 27r- P 6"(k' ,  - - k ;  /z, co - -  /z) l~O co -i- /z 

1 f ~  d/, . . . .  . . . . . . . .  P . . . . . .  E ( - - k ,  k , co - -  tz, ~) 
' 2rr -~  co" ~ /* (42) 

whence  and  f rom (42) it can  be shown that  

1 . 
tP"(k', - - k ;  .... co', co) = 6 ' (k ' ,  - - k ;  --co' ,  co) - -  2 (U(k', k , co', ~)") 

1 E( - -k ,  k"; co, --co") - i -~  

1 f ~o d/~ ,,. 
-i- 2~- P co, E ' (k ' ,  k ,/.*, co -- /z) 

- -~x ;  / - L  - -  

~ - 2 ~  P 1  f~-~o -co"+/*d~ 6" ( - -k ,  k"; co' - -  /-,, /x) (43) 

and  

t /s ' ( - -k ,  k"; co, --co") = 6 '  ( - - k ,  k"; co, co,,) : 1 - -  -r- 2 6 ' (k ' ,  - - k ;  co, --co')  

l . . . .  co,,) - ~ 6'(k', k , co, 

1 f '~ d/z ,, -+ 27r P -~ co, , 6"(k' ,  - - k ;  /x, co /,) --r- /z 

1 j.~o d/x ,,. 
+ ~ P  --  . 6 " ( k ' , k , c o - -  /z , /z)  (44) 

_ c o  IL/* - -  C O  

Then,  u p o n  combin ing  (42)-(44) accord ing  to (41), one  readily obta ins  

~(k',  k"; co', co") 

= ~a{d"(k', k";  co', co") - -  6 ' (k ' ,  - - k ;  - -co ' ,  co) - -  O ' ( - -k ,  k"; co, --co")} 

(45) 
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N o w ,  a trianglc-antisymlnetrized FDT can be derived from Eq. (39) by tirst 
observing from (39) and (40a) that 

~ ' ( k ' ,  - k; --co',  co) - -  O(k',-- k; --co', co) 
4 - 

47r2 PP dl~ dv Q(k', --k; --t  z, /~ v) 
. . . .  ( c o ' -  t~)('o~ - t ~ -  v) 

f.~2 
. . . . . . . .  4- Q(k', - k ;  --co', co) 

f12 f ~  j , .  Q(k,, k.; tx, v) 
+ ~-s PP -~dt~ - ~ d v  ( o J ~  tx)(oj -- 1"-- v) 

(46) 

Similarly, one has fi'om (39) and (40b) that 

~ ' ( - . k ,  k"; co, , , )  == /3'-' - -  -4- Q (  -k, k"; co, - -m")  

~2 . . . . .  Q(k' ,  k"; /~ ,  v) 

(47) 

In order to bring (47) to a form comparable with (46), the Poincar6-Bertrand 
theorem I~ has to be invoked, leading to 

W ' ( - - k ,  k"; w. --co") f12 /32 oJ") �9 - . . . .  ~- Q ( - k ,  k"; co, - co")  q- ~ -  Q(k' ,  k"; oJ, 

-t- -4~ ~ PP dlx dv (co" Q(k', k";/x, v) 
. . . . . . .  - -  - . ) ( ~  - t ~  - ; ' ;  

(47a) 

Thus the combination of Eqs. (39), (46), and (47) according to (41), with 
subsequent use of the parity relations (40), yields the desired relation: 

@(k', k"" ' co") -- --1;~'~0r k"; co', ~o") (48) 

in a form in which both sides are manifestly triangle-antisymmetric. [We 
note, however, that expressions figuring in Eq. (48), unlike those in (39), are 
not causal with respect to (co', co").] 

The path we followed in the above derivation circumvents, by exploiting 
the appropriate symmetry properties, the problem of actually solving the 
integral equation (39). We now present an alternative method for the deriva- 
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tion of  (48), based on the explicit inversion of  (39). Consider the "minus"  
and "plus"  projections of  ~(21(k', - -k;  --co', co) with respect to co': 

6. (k', .... k; --co', co) = I dix 3_(co' --  IX) 6(k', - -k;  -.IX, w" -? i~) 

d+(k', - -k;  --co', co) = J dtz 3~(co' -- t x) 6(k', - -k;  -IX, co" /~) 

so that 

6_'(k',  - -k ;  --co', co) = ~{6'(k', - -k ;  --co', co) -;- ~ '  (k ' , - - -k ;  --co', co)} (49) 

where 

j '~ dix 6"(k', - -k;  IX, co" IX) (50) ! 

y / (k ' ,  .... k ;  - - -co ,  co) __ ~-I p -~: co' + IX 

Similarly, 

6+'(It', - -k;  --co', co) = ~.~cr~' ...... tK, .... k; --co', co) -- y "  (k', - -k ;  ---co', co)} (51) 

Since 6_(k' ,  - -k;  --co', co) is a minus function of  co' and a plus function of  
co", it follows that 

6- '(k', - -k ;  --co', co) = Jl'[co', IX] ~[co",  v] 6_'(k', - -k ;  .-IX, IX i- v) (52) 

where, e.g., 

~c[~', ~] . . . .  P _ d _ ~ ,  (...) 

is the Hilbert  transform operator.  On the other hand, &.(k', - -k;  --co', co) is 
a plus function of  both co' and co", so that 

6+'(k', - -k;  --co', co) = ---Jd[co', IX] .~o[co,, v] 6+'(k', - k ;  --IX,/x . v) (53) 

From (49), (51)-(53), one then obtains 

d-'(k', .... k; .... co', co) + ~2' (k', - -k ;  --co', co) 

: ,~[co', IX] -2~[co", v]{6'(k', - -k ;  ---IX, IX -i- v) + ~"  (k', --k; .--IX, IX + u)} 
(54) 

6'(k', --k; -co' ,  co) --  ~ '  (k', --k; --co', co) 

=-- --.-Jr'[co', IX] Y[co", v]{6'(k', - -k;  --IX,/~ @ v) -- V'Ck'  ---k; --IX, t* -t- v)} 
(55) 
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Thus 

~ '  (k', - -k;  --,o',  ~o) - ~[~o' ,  t'] ~ [ ,o" ,  v] ~'(k', - k ;  - m  t' + ~) 

which, of course, follows directly from (50) since 

" ~  d v  
~"(k ' ,  - - k ;  .... /z, ~o" q-  /z) := __1 p j co" 

77 --co - -  V 

One then derives similar relations for 6 '(--k,  k"; co, --co"). Then, let 

J : :  ~'(k', - k ;  -~o',  ~o) + o'(--k, k"; o~, - - J )  

K : Z '  (k', - k ;  - , o ' ,  ,o) + Z '  (--k, k"; o,, - ,o")  

so that in a short-hand notation 

(1 - -  . - Y f ~ ) ( J  -+- K )  = 0 

(1 4- ~f~,~)(J -- K) = 0 

K. I. Golden, G. Kalman, and H.  B. Silevitch 

(56) 

(57) 

(58) 

- - - - -  6'(k', - -k;  -- /z , /z  -t- v) 

The FDT (48) can be cast in yet another form which features internal 
response functions on the l.h.s, rather than the inconvenient external con- 
ductivities. Thus, we introduce here the linear and nonlinear dielectric 

2.5. F D T  in  T e r m s  of N o n l i n e a r  Polar izab i l i t ies  

Exploiting the fact that W is a plus function of both oJ' and co", we also have 

(1 -- Yt~-~) W . . . .  2h tt' 

Thus the general solution of Eq. (39), 

- -~f i"(1 - -  ~ f )  a = ~ '  

certainly can be cast in the form 

/3ZQ = - 2 ~ '  4- a( J + K) (59) 

where a is an undetermined constant. This choice, however, becomes un- 
ambiguous by demanding the triangle antisymmetry of Q to be satisfied by 
the solution. Thus W' should appear in its symmetrized form, ~P, only. 
However, it is readily demonstrated that 

tp = .~{7" - ~(J-;- K)} (60) 

which renders a = 1. Then, (59) in conjunction with (60) is identical to (48). 
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( 2 ) / l _ t  n"  t O . )n )  tensors ~ ( k ,  co) and E~yt, K, k ,  co, defined (for a homogeneous and 
stationary system) by the constitutive relation 

P.(k, co) = "~e(k, co)(E~(k, co)~(t, --  .~B(k, co)(L~(k, co)) (2' 

1 . : c  
~ j  r ' c o ' w " )  + ) - ~  . dco' (2) . . . . . .  

- ~ o  

• (Ee(k',  co,))(i) (E~(k", J ) ) ( "  -I . . . .  

k" ~ k - -  k', co" = co -- co' 

which connects the electric induction D(k, co) to the total  average electric 
field (E(k, co)). The appropriate longitudinal projections are then given by 

*(k, co) = k~,k~E~,e(k, co) 

~(~)(k', k"; co', co") " k " "  (~) . . . . . . . .  co") 

Thus from our earlier nonlinear electrodynamic study, (~ it was found that 

O(")(k', k"; co', co") --= iE0(co' + co") rl (') (k', k"; co', co") (61) 

where 

~(2~(k', k"; co', co") = E(2~(k ', k"; co', co") 
E(k', co') E(k", co") E(k' -t- k", co' m co") (62) 

and (k /k 'k")~)(2)(k ' ,  k"; co', co") is the response function which connects the 
average second-order induced charge density response (p(k, co))(2) to the 
external charge perturbations fi(k', co') fi(k", co"), namely 

(p(k, co)),z, :_ i Z [ , , k , ,  ~ j'~ dw r/(.),(k, ' ,. , co,,) co,,) , 0v  ~ k ~ '  I ~ k ,  co, ~(k', co') ~(k", 
' -~  (63) 

Concerning the r.h.s, of (48), we introduce here the dynamical charge density 
correlation function P defined by 

P(k', k"; ~o', co") $(co' + w" -- co) .= ( l /4 , ' rV)~pk(--w)P--k ' (co ' )P-k"(co"))  (~ 

(64) 
One can then show that 

O(k', k"; co', co") . . . . .  (coco'co"/kk'k") P(k', k"; co', co") (65) 

Thus Eqs. (45), (48), (61), and (65) combine to yield the following alternative 
form of the FDT: 

~"(k', k"; co', co")  ~"(k', --k; --co', co/ 
t n t 

OJ 03  030 . )  

.... 2 e o k k , k .  P(k ' ,  k"; co', co~) 

~"(--k,  k"; oJ, -.co") 
tt 

0 9 0 9  

(66) 
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3. S T A T I C  F L U C T U A T I O N - D I S S I P A T I O N  T H E O R E M  
A N D  E Q U I L I B R I U M  S T A T I S T I C A L  M E C H A N I C S  

3.1. Static FDT 

One of the most important ramifications of the conventional FDT is 
its static form, which ultimately links the equilibrium pair correlation 
function with the static dielectric function. In the present context, a similar 
relation will provide a connection between the equilibrium three-particle 
correlation function and the static quadratic response function. This section 
is devoted to the derivation of this relation. 

Our starting point is Eq. (66) which, upon integration over oJ' and d ,  

"~ &o' f ~  &o" r/"(k', "" ~o', w") 
J_~ 2= ._~o 2 =  ~;~,~' 

I ~ &o' (~ dos ~/"(k' ,--k;--oJ ' ,~o) 
.__= 2~v . . ~  2rr coco' 

f 
= &o' (~o dw" ~"(--k, k"; co, - - J )  

[ _.= 27r --~o 2rr ~ooJ" 

32 
.... 2 % k k ' k "  P(k', k"; t .... O, t : :  O) (67) 

yields an expression for the equal-time charge density correlation function. 
However, the lhs of (67) can be considerably simplified. To begin, we let 

~"(k', k"; w', co") := rf(k', k") + ?/(k', k"; ~o', co") (68) 

where 7f(k' ,k") = " ' "-~o' = ~o" = z / ( k , k ,  0, 0). Putting (68) back into the 
dynamical FDT (66) and going to the static limit ( o J '=  oJ" == 0), one 
obtains 

Lim, o..,0 Lim~._,o l ~/"(k', k") ---of~"(k', --k) 4- r/'(k', k") --co ~r/'(- k, k") I 

i tt. t Ojtt) k ~ (~)~ = -- Lira Lira oJ ~(k', ~ - s  

71(k' , - - k ;  --o~',  co) 
t 

~ ( - - k ,  k"; co, --co") 
O.)Oj tt 

+ L i m  c~fi" P(k' ,  k"; o~' = O, w" = O) = 0 
~-,o 4 % k k ' k "  

(69) 
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The vanishing of  the r.h.s, of  (69) is assured by noting that for co', w" small, 
one has, for symmetry reasons, ~ 

~7"(k', k"; Co', co") = ~7"(k', k") i- (~%7"i i~CO' ~Jw")o.o w', co" 

-i- ~(~'>~7"/tco'%,o Co,2 

-,- ._+(e2~"ieco"'3o,o <o "> + ... (70) 

so that  the l im i t  

Lira Lira 7/(k', k"; co', co") 
~ a J ' ~ 0  W " - ' 0  (,O t ,  (Jal ## 

i ~~ . . . .  2-  w,, i = t-eL'-e, bT)<, o--t- Lira Lim - ~  ,,'..,0 <.~-~0 2 t & o " i 0 .  0 J '  t coJ  ) o , , ~ -  

must be bounded. P(k' ,  k"; co' = 0, w" = 0) is also bounded for physical 
reasons. Thus, except for  the trivial case ~7" = 0, the vanishing of  the lhs is 
assured if, and only if, 

,t"(k', k") = ~7"(k', .... k)  -= ~7"(--k, k") (71)  

We note that the Ka lman-Pomeau  expression for ~7" in the Vlasov approxima- 
tion, (7) which is reproduced in Appendix B [see Eq. (B.15)], indeed satisfies 
this last symmetry rule. 

Next, we turn to the calculation of  the l.h.s, o f  (67). Let 

r ~- `/co, ~.~ ` / J  ~" (k ' ,  k'_'; Co', Co") 
P P  

I 2~r J _ ~ - 2 ~ -  "co~ - -  C O  

~.~ `/CO' ,-~ `/CO" , j " (k ' ,  .... k ; - < ~ ' ,  CO) 
I / - t ' P . _ : o  27r . _ ~  27r coco' 

"~ `~CO' (~ dCO" ~7"(- k,  k"; co, --co") 
- P P  I - 2 ; , Z  r 2~- COCO. = I (72) 

By  repeated application of  the Kramers-Kronig formula,  one obtains 

k, i ~ ~CO' i ~,  `/CO" ~"~k' ,  "-CO', CO") l 
P P  ~ 2~ .I 2~r Co CO~ 4 ~7"(k" k") (73a) * - c x :  �9 - ~  

and 

.:o dCO' �9 ( ~  dco" ~7"(k', - -k ;  - -~ ' ,  co" + CO') 
t " 1 ' t .  _ ~  2 ~  . _ ~ 2 , ,  CO'(co" Co') 

t.~ ,/CO, (~o riCO" ~7"(k',--k; CO', CO"- <~') 
-.= I 'P  .I ~ 2 ~  . '_~ 27r Co'(CO" --  Co') 

1 ff'(k', . . . .  k) 1 -= ;~ = ~ r/"(k', k") (73b) 

8 Since ~7"(k', k"; co', co") == ~7"(k', k"; --w', --w") [see Eq. (38)], the expression (70) cannot 
contain terms like o,'(b~"i~od)o.o and w"(~"iD~7")o.o. 
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Note,  however, that the third integral of  (72), as it stands, is not amenable to 
similar simplification. However,  by first invoking the Poincar6-Bertrand 
theorem, one derives 

j " ~" do)' [.:0 dco" 
P P 2 ,'t 2 rr 

..~o d e b t  
- -  p p  [ 

2~ i 

:- - - p p  ['" d o )  r 

.[ _.~ 27r 

l 
4 ~"(--k,  k") 

r / ' ( --k,  k"; w' -? co", .--co") 
" - ~  7 - ~ -  O, (~0 -i- O, ) 

/ ' ~  d in "  r / ' (  ' -  k--'- " . . . .  " co") - -  - - K ,  ,, CO .. . . .  CO , 

J -~o 27r o~"(co'--- m") 

j "~ dos  r / " ( - - k , k " ; o ; - - - o S ,  o~") 
._~ 21r oY'(~o' - co") 

-- 0 (73c) 

in virtue of  the Kramers -Kronig  formula it satisfies. Consequently,  the 
combinat ion of  (73a)-(73c) according to (72) yields 

1 . t ~ '  k " )  1 - -  --2r/ ~ ,  (74) 

On the other hand, from (68), (71), and the definition (72) of  1, one can 
write 

I = PP _,  2 ~  J -= -]~-~- t/"(k', k") t co" " cow' coco" I 

, (~ dco' j '~ dco" ~ ( k ' , k " ; c o ' , c o " )  
- - . . -co  2 r r  _~ 27r ! ~-a;;; 

{(k',  - -k;  --co', co) 
t 

COCO 

_ _  _ " 7 7 ( - - k  , k " ;  co ,  - - c o " )  i 
t/  coco t 

1 ,~ d ~ , ' j  -~ do," k , , ) i  1 1 1 i 
- - .  _~ ~ _~ ~ ; -  ~"(k', i o,'~," ~o~,' m~," 

, ]*~ din' (~: elm" i ~ ( k ' , k " ; m ' , c o " )  
-'- . _~  ~ - ~ .  ~ ~ re'o," 

~(k', .... cocok; ,-c~176 _ ~(.--k, k" coCO --co") I 

f ~  din' f ~ dco" l ' q " (k ' , k " ;m ' , co"  ) - . =  . _ _  _ 

_o~ 2~r .-:o 2= co'oJ" 

"q"(k', -k; - -oY, m) "q"(--k, k"; m, --r 
0 3 0 3  t t -  i 

- -  , - -  ( 7 5 )  
O . ) 0 3  
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since, in any case, ~ 

1 1 1 

O.)tOF O)(D' O.)O) n 
- 0  

and terms like ~(~o', ~o")/oJ'co" are nonsingular. 
Thus from Eqs. (67), (74), and (75), one readily obtains the static FDT:  

o r  

"2 t tt tt r/ '(k', k") ---- ( - - f l / % k k  k ) P(k' ,  k , t = 0, t = 0) (76) 

�9 \ co) ~,PkP-k "P-k "2t=o . . . .  (2 V%kk'k"/fi  "2) r/ '(k',  k") 

It is an easy matter  to generalize the previous study to a two-component  
plasma having N dynamical electrons (each of  mass m and charge e) and 
N / Z  dynamical  ions (each of  mess M and charge --Ze).  Letting 

N / Z  

R(r, t ) =  - -Ze  ~ 8 ( r - - X / ( t ) )  (77) 

where R(r, t) is the ion microscopic charge density, one can show that the 
full static F D T  is 

' ' R ~\(0) --(2V%kk'k"/ f l ' )  "q"(k', k") ((/Ok Rk)(f-k' i -  R-k')(p-k" --  -k"S/r=-0 - 
(78) 

where 

~q"(k', k") ---= v~(k', k") + r/;:(k', k") 

3.2. Dielectric Description of Pair and Triplet Correlation Functions 

Our final task consists of  expressing the lhs of  (78) in terms of  the well- 
known pair and triplet correlations [defined by (80) below] o f  equilibrium 

In the light of (71), Eq. (69) can also be written in the form 

~"(k',k")lim lira i 1 1 1 t 
~'-,o ~-~0 i L ~  '~ . . . .  ~o,~' ,o,o" ! 

. . . . .  lira lira I( 7)(k', k"; co', co") r)(k',--k;--co', co) ~(-.-k, k"; co,--co"!) 
,o , - ,o  , o - - , o ,  ,o--" ~ 7 oJ~o" ~oJ" 

~ 2  

2 Vr P(k', k"; ~' = O, ~" -: 0) I 

Clearly, the boundedness of the rhs requires that the lhs vanish identically. 
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statistical mechanics. We introduce here a variety of  one-, two-, and three- 
particle distribution functions, e.g., 

be(p0 = N j" "'" f -(2 ( ~  
N-I- (N/Z)  

s  = (N/Z) f... J" d i . . .  dN dll  ""dN/Z 
N,(N/Z)--I 

Gee(XI, Pl ;X2, P2) : N ( N  - -  1) J "'" j .Q(0)d3 "'" d N  dI  . "  d N / Z  
N--g+(N/Z) 

f j G,i(xl ,  Pt ; Xx, P 0  = (NZ /Z )  "'" 
N-2+(N/Z) 

H,,~(xl ,  Px ; x,,, P2 ; x3, P3) 

~Q(o) d2 ... d N  ~HI .'. d N / Z ,  

: N ( N - - 1 ) ( N - -  2) f"" f 
N--3+(N/Z) 

etc., where, in an obvious notation, 

0(o) d4 "" d N  dl  ... d N / Z  

(79) 

d2 ~-- d3x2 d3p,z , d i l l  : d3X.~ d3P.,, ctc. 

so that, e.g., 

j 
" ~  f 

N--I+(N/Z) 

actually implies 6 I N -  1 i-  ( N / Z ) ]  integrations. The pair and triplet cor- 
relations (Ursell functions) g~(12)[=:g~,(] xl -- x2 I)], g~A1, I), h~,~(1, 2, 3), 
h,.~dl, 2, l), etc., which are of  interest here, are then defined through relations 
like 

G~,(x~, pl ; x o, P2) : fe(Pl) F*(Pz){ 1 + g,~(12)} 

G.~(x~, pz ; X~, Pz) : F~(pz) Fi(P1){1 -Jr- gel(l ,  /)} 

H,~,(xl ,  Pz ; x o, p._, ; xs ,  P3) 

=: F,(pa) F~(p2) F~(p.~){ 1 -~- g~.(12) - ,  g~(l  3) 1- g,,(23) -l- heee(123)} 

( 8 0 )  

II~i(Xl,  PI ; X2, PZ ; Xz, P1) 

-: F~(px)F,(p2)F,0P,){1 + g,~(1, 2) + g~i(l, I) + g~i(2, /) -[- h,~,(1, 2, I)} 



Nonlinear Fluctuation-Dissipation Theorem 109 

etc. We now proceed  to the calcula t ion o f  the lhs o f  (78). Cons ider ing  first 
the pure  electron corre la t ion ,  we have 

\ (0) 
\PkP-k'P-- k")t  0 

= ,;3 ~ ( e x p ( - i k  �9 xi) exp( ik '  �9 xj) exp(ik" �9 x.O) I~ 
i,~,s 

-Ne:~ e:~ Z {(exp[ik  �9 (xi --  x~)]) (~ + ( e x p [ - i k '  �9 (x~ - -  xj)])  (~ 
i ,)  

i # j  

-~- ( e x p [ - - i k "  �9 (xg - x~)])@~ 

q- e :~ ~ { e x p ( - - i k  �9 xi) exp( ik '  �9 x~) exp(ik" �9 x~)) (~ 
i , J ,$  

i- C 3 [" ( d l  d2 Ge,;(x1 , p, " X2, p2){exp[ik �9 (xl - x~)] N~ 2 

-]- e x p [ - - i k '  �9 (x I - -  x~)] -? e x p [ - - i k "  �9 (x 1 .... x.,)]} 

e ' J j i  d l d 2 d 3 1 l ~ e ~ ( X z , p l ; x o , p , , ; x a , p 3  ) 

• e x p ( - - i k  �9 xz) exp( ik '  �9 x2) exp(ik" �9 x~) (81) 

Then,  upon  e l iminat ing G.~ and  H . ~  in favor  o f  g ~  and  h ~  th rough  (80), 
Eq. (81) ul t imate ly  integrates to 

' ?tr2ear(~ A_ (]k' 0 (~k",0) + Naea3k.o3k'o~k",O ( p k p - . . k ' p - k " )  ~0) = N e  :~ T , ,  ~ k.o . ~," 

q- nNe3[  g~..(k) T g~.,(k') -I- ~k . . . . . .  '~ ' ' g~A )l  + nN 'e"  [ g~, (k  ) 3k' ,k 

�9 ?- g ~ ( k " )  3k',o + g ~ ( k ' )  ~k'.o] + n2Ne '~h .~(k ' ,  k") (82a) 

where  g~,;(k) is the Four i e r  t r ans fo rm ofg,~(l  xl - -  x2 i) and  n is the electron 
n u m b e r  density.  Similarly, one  finds tha t  

( R k R _ k ' R _ k . )  (~ 

-~ - -  Z 'ZNe "~ - -  ZN2e3(~k,o  . 3k',o -[- ~k",o) 

- -  Naea3k,o~k',o~k",o - -  Z n N e 3 [  g i i (k)  + gi~(k ' )  -i- g i i (k" )]  

- -  nN2ea[g~i(k ' )  ~,:",o - g ~ ( k " )  8~. o + g . ( k " )  31..,o ] - n'~Ne3h~.(k ', k") 

(82b) 

and  similar relat ions result ing f rom the in te rchange  o f  k, k ' ,  and  k". Thus ,  
the full ion-e lec t ron  t h r ee -body  densi ty  corre la t ion  funct ion  is ob ta ined  by 
add ing  equa t ions  like (82). 
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One ultimately obtains 

((Pk -~- Rk)(p-k' ~- R-k')(p-k" R-k-)) m' 

.= Nea(l - -  Z 2) + n N e  z 

-i- n'ZNeah(k ', k") 

where 

2 
l=.k,k ' ,k" 

{ [ g . ( 0  - g A 0 ]  - Z [ g . ( 0  - g . ( 0 ] }  

(83) 

h(k', k") =- h..~(k', k") - -  h .~(k' ,  k") .... h ~ ( k ' ,  k") --  h,.~(k', k") 

] l e i i ( k '  , k") --~- hiei(k', k") -~- h.~(k', k" )  --- h~.~(k', k") (83a)  

Now, from our  earlier linear F D T  study, it was found that the pair 
correlat ion function satisfies 12e> 

n[ g . ( 0  - g . ,q) ]  - -  n i l  g . O )  - g..,(t)] 
==- (%lZ/[3ne ") Re{[ae(/) --  Z~z,(1)]/E(l)} --  (1 -- Z 2) 

where a ,  and ~ are the electron and ion linear polarizabilities, and 

, (t)  = ~ + ~.( /)  + ~ ,q)  

(84) 

Then Eqs. (78), (83), and (84) can be contracted into the relation for the 
ternary correlation function: 

n"h(k ' ,  k")  - 
2Eokk'k" k") 

neafi 2 r/"(k', 

'ol~ i ~ . ( 0  - :_S~ , ( t )  t 
--  Re ~ /3he 2 { E(I) } -~- 2(1 --  Z z) 

l = k , k ' , k "  

(85) 

Equat ion (85) is the main statement of  the present section. Its importance 
lies in that the high-order ternary correlation function can be inferred from 
the easily accessible quadrat ic  polarization, whose evaluation can be restricted 
to the consideration of  processes of  much lower order  than the others con- 
tributing to the ternary correlation. 

The order-raising proper ty  of  the static F D T  can be most  readily 
visualized by considering r / in  the lowest-order (Vlasov) approximat ion (for 
details, see Appendix B): 

2 % k k ' k "  k") - 1 -- Z z 
neath9 " r/"(k', , ( k )  c (k ' )  e (k")  

% ( k )  -:  f lne2/k ", :x,(k) = Z~ne"-/k 2, e(k) = 1 ]- (1 q- Z)/3ne2/k 2 
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so that (85) becomes 

nZh(k ', k") --= (1 -- Z 2) !~(k)-E-(Ic;)-e(k") Z e-(I-) + 2i 
t , . .- lc,k' ,k" 

-- (1 -- Z'-') 
1 

E "~"'-tKJ {2~(k) :x(k') : x ( k " ) .  a(k) a(k') ~(k) E(k t ) 

- i-~(k')  a(k") --  ~(k") ~(k)} (86) 

Since, to this order, a -: O(e'Zn), it then follows that h = O(e'~), which is the 
expected result. If now ~ and q are calculated beyond the Vlasov approxima- 
tion to order O{Y~ (e2n) p e2q}, then h will evidently be determined to order 
O{y.v(e2n)p e2("+q~}. 

For the case of a pure electron plasma where the N / Z  ions are assumed 
to be nailed down, Eq. (85) is altered insofar as one sets 

Z ~,: O, ,~/k) -- 0 ---.. ~7~(k', k"), g(k) ---. g~.,,(k), and h(k', k") -- h~,jk' ,  k"). 

The case of the electron-proton plasma is rather special: for Z = 1, Eq. (86) 
reveals that h(k', k") = 0 and there are no triplet correlations [in the sense 
defined by (83a)] to O(e4). 

3.3. Ternary Correlation Function: Conclusions and Comparisons 

Equations (85) and (86) can be regarded in two different ways: First, if 
the response functions are given, then these equations are used for the 
calculation of the ternary correlation function. The second interpretation 
follows by eliminating E with the aid of the linear FDT in favor o f g  and then 
constructing a cluster expansion for h in terms of  the pair correlation 
function g. 

Consider first Eq. (86) for an electron plasma. Invoking the relation 

l / e ( k ) -  l- l-r ig(k) (87) 

valid in the Vlasov approximation, one immediately verifies that 

h(k', k") == g(k') g(k") -j- g(k") g(k) -i- g(k) g(k') --!- ng(k') g(k") g(k) (88) 

This is the Fourier transform of the lowest-order Mayer cluster expansion 
for the ternary correlation function derived by Salpeter (sJ by equilibrium 
statistical mechanics and by O'Neil and Rostoker (m, and by kic and 
Ichikawa (lm solving the BBGKY hierarchy equations. 

With ion dynamics included, the situation is somewhat more 
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complicated. The four correlation functions appearing in (84) can be ex- 
pressed as 

gee : : g o ,  g~i = gie =- . . . .  Zgo.  gii := Z2go, (89) 

and 

l/4k) : I -;- ( l  - -  Z ) , , g o ( k )  (90) 

Then the relation equivalcnt to (88) bccomes 

h(k', k") = (l --  Z2)(I + Z)" { go(k') go(k") -i-- go(k") go(k) -{.- go(k) go(k') 

+ (1 + Z)  ngo(k' ) g0(k") g0(k)} (9 l) 

However,  h(k', k") does not  have an immediate physical meaning: it is 
related to the physical correlations by (83a). On the other hand, the triplet 
correlations between specific groups o f  particles like h~,~ and h,ei are expan- 
dable in Mayer- type clusters, similar to (88). These expansions, illustrated 
by their corresponding cluster diagrams, z~ are obvious generalizations o f  
Salpeter's ts) formulat ion and are listed below: 

g(I) g(l') + ,,(1 - Z 'a) g(k') g(k") g(k) h~**(k', k") -.. 
l , l ' :  k , k ' , k "  

h~,Ak', k") + h,~,(k', k") -i- hi~(k' ,  k") 

--  (Z 2 --  2Z) E 
I , l ' = k , k ' , k "  

A -- A+._%+/: 
h,:,~.(k', k") -~- h,~i(k', k") -;-' h , . (k ' ,  k") 

+ ~' 

g(l) g(l') -~- 3(Z a -- Z)  ng(k') g(k ' )  g(k) 

+ A + A  

- :  (Z 2 --  2Z a) y.  g(l) g(l') -- 3(Z - -  Z 4) ng(k') g(k") g(k) 
I ,U 

A = 
lo The diagrams are conventional Mayer cluster diagrams in configuration space. Filled 

vertices represent electrons and hollow vertices represent ions. Bonds between vertices 1 
and 2 are associated with g(12). Triple products of Fourier transforms appear as integrals 
over a dummy particle carrying a density factor n (if it is an electron) or N/Z (if it is 
an ion). 
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h~.(k', k") -- Z 4 ~ g(l) g(l') i -  (Z  "~ �9 Z 2) ng(k') g(k") g(k) 
l ,U 

When these terms are combined according to the rules of (83a), the result is 
identical to (91). 

In the rest of this section, we confine our attention to an electron plasma. 
If  one goes beyond the lowest order approximation, higher-order contribu- 
tions to h emerge both from higher-order corrections to g and "7. The form 
assumed by "7 in the Vlasov approximation suggests the introduction of the 
collisional correction c~(k', k") as follows: 

"7"(k', k") -- /32he:' 1 [1 -- c3(k', k")] 
2%kk'k" <k) ~(k') ~(k") 

Wc also sct 

g(k) = go(k) + ~(k), F(k)  --- o~(k)/[1 + ngo(k)] 

where go is the Debye pair correlation function and ~ (or [ ')  is a collisional 
correction. Then, with the aid of (87), one can rewrite (85) (with Z = 0) as 

h(k', k") -~ ~ g(l) g(l') -- ng(k) g(k') g(k") -i- ~ ng(I) g(l') F(I") 
I , F  I . l ' , l "  

+ Z g(l) F(I') -- Z rig(l) F(I') F(l") + Z (l/n) LP(l) 
1,1" 1,1",l" l 

- ~ Fq) I'(r) - . r ( k )  F(k') r(k") 
I , l"  

-~- 3(k', k"){1 + .g(k ' )  --nF'(k')}{1 -,'-- rig(k") -- n]'(k")} 

�9 {1 -- ng(k) -- nF(k)} 

displaying modifications both in the cluster structure and due to the new 
units building up individual clusters. 

4. C O N C L U S I O N S  A N D  REMARKS 

In this paper, we have established what relation prevails between the 
quadratic plasma conductivities, dielectric functions, and the response 
functions on the one hand, and equilibrium three-point density and current 
correlations on the other. In addition to the inference drawn concerning 
the triplet correlation function, discussed in the previous section, there are 

822/6/2/3-4 
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further implications of the theorem. Whenever the calculation of scattering 
cross sections, Fokker-Planck coefficients, and like quantities describing the 
interaction of incident electromagnetic waves or particle beams with an 
equilibrium plasma is contemplated beyond the lowest-order Born-type 
approximation, m,lal an expansion in the perturbing electric field (due to the 
wave or to the particles) ensues with two-, three-, n-point equilibrium cor- 
relation functions appearing as expansion coefficients. That the lowest-order 
coefficients can be explained entirely in terms of the dielectric function is by 
now well-established; the present theorem tells us how a similar procedure 
can be performed for the next term in the expansion (for the details of the 
test-particle problem, see Ref. 12). 

The above observation indicates in which direction one could look for 
direct experimental verification of the results derived in this paper. Evidently, 
independent measurements of the two physical quantities linked by the 
theorem-the quadratic conductivity and the three-point correlation func- 
tion-would be required. The first one has been a long-standing experimental 
program for semiconductor plasmas, la~ In the case of gaseous plasmas, the 
difficulty of generating genuine equilibrium plasmas, especially under the 
influence of strong perturbations, is, at the present time, a major experimental 
obstacle. As far as the second objective is concerned, the most promising 
method to gain information about the triplet correlation function, seems to 
be---in view of  the discussion presented in the above paragraph--the measure- 
ment of incoherent scattering crosssections for high-intensity electromagnetic 
waves. No detailed theoretical understanding or experimental observation 
of this process seems to exist, however, at the present time. 

A P P E N D I X A .  D E R I V A T I O N  OF T H E  
P O I S S O N  BRACKET I D E N T I T Y  

First, we observe that 

<[p- k'(O), j - k " z ( r  ' - -  r " )  jk.fi'r')]> (~ 

-- i=i~" \/eP'(~'x ;:x@k'(O) (;p:(0)~ t \lO) -- -- {j_k"~(r' --- r " )  j k , , (~  )}/ 

< e. . , \ , ~  

-- - , . ,  ex,,@ - )J,- ,(")!/  

: - - i e k ~ , ' ~ j ' d x d p ~  '~ ~ �9 ~p~)~  ({exp[ik' �9 x,(0)]} j_k"B(r' -- r") jk.,(r')) 
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- . , F:s  ~~ 
= i e k / ~  j dx  dp {exp[ik' �9 x~.(0)])J-k"B(T -- ~'") jk~(r @,.(0) 

[see Eq. (5)] 

= --ieflk~' ~ f dx  dp (2'~ {exp[ik' �9 x~(O)]} j_u,,e(~r' --  -r") Ju~(~") 

. . . . .  iflk~' (,j_k.~( O ) j_k - a( ~r' - -  "r") jk,,(~")> (~ 

Hence expansion of  the Poisson bracket yields 

<[p_k,(O), j_k.e(r '  -- ~-")1 . j~(r')> (~ = --  ifik~'<j_u,~(O) j_~.~(~" -- r") j**(r')> (~ 

- -  ( L o _ ~ , ( 0 ) ,  2 " ~ , ( ~ " ) ]  j _ ~ , , ~ ( ' r '  - -  ~ . " ) > ( o ,  

A P P E N D I X  B. STATIC N O N L I N E A R  DIELECTRIC F U N C T I O N  
FOR A VLASOV PLASMA 

We consider here an ion-electron Vlasov plasma consisting of  N electrons 
(each of  mass me and charge -- i e I) and N / Z  ions (each of  mass m~ and 
charge Z [  e }). The Vlasov equations for the one-particle ion and electron 
distribution functions are (,~ ---: e, i) 

t)F~(r, t; v) 8F~(r, t ;  'V) 
~t ', v �9 VF~(r, t; v) -t- ~ I__e~ <E(r, t)> �9 = 0 (B.I) 

m a ~ u  

where (E> is the average macroscopic field, Ze = - - I ,  and Z~ = Z, with the 
perturbation expansion 

F~(r, t; v) -- F~~ -k F~a)(r, t; v) + F~")(r, t; v) + ... (B.2) 

(E(r, t)> = (E(r, t)> (1~ -" (Eft ,  t)> r') + "'" (B.3) 

about  the Maxwellian state characterized by 

F2Ol(v) _ N/i Z .  I ' fl " ' ~ " ~  --fl,n~d" 
V ( 2-~m~ ) exp ( 2 ) (B.4) 

substituted into (B.I) and one sees that the result can be split into two 
equations for the first- and second-order distribution functions F~(~ ~ and F~ '~. 
Upon taking Fourier transforms of these last two equations, one obtains 

iZ~ 
Ftl>n, ~o; v) = 

C 
gt \ -*~ 

l/Tot 

iZ~, ~e F~(2)r o~; v) = 
D'/:t 

iz~ le 

where k" ----- k -- k'. 

(EfkLo)> (1)" ~F~~ (~.5) o ~ - - k ' v  

<E(ko~)> (~) �9 ,~Fi0)(v)/~,v 
o ~ - - k ' v  

1 v f do ' <E(k", , - - ,  

27rV~/. 3 co--  k ' v  
(B.6) 
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Let  us cons ide r  the e lec t ron  gas. T h e  second-o rde r ,  ave rage  c u r r e n t  
dens i ty ,  which  is o f  in teres t  here,  is readi ly  f o r m e d  f r o m  (B.5) and  (B.6) to  be: 

<ff(ko~)> (') [ e [  f day (2) . . . .  v~F~ (k, oJ; v) 

i I e I ~" " ~F~~ 
- m '  ~ <E,(kw)> C2~ j d% t'~ - -  c o - -  k ' v  

,e? f b 4 ~ . m ,  2 ~ doY <E,,(k' ,  oY)> u) <E~(k".  a,")> m 

|" d.~v v~ i e ~F~O)(v)/&,. , a 5F~O)(v)/3v ) 
X 

J ~ k ' v t & ' .  o Y ' - - k " ' v  T & ,  o Y - - k ' ' v t  
(B.7) 

U p o n  c o m p a r i n g  (B.7) wi th  O h m ' s  law 

<j~,"(kw)> ('~) - %e(*)"-(K. eo)<Ea(kw)> ('~) r-' ( l / 2~ 'V)  ~ J" d w '  (r~.AK,(~) "'-' k"', oY,  co") 
k "  

• <E . (k ' ,  w')> '1) <E.(k".  ~o")> (1) (B.8) 

one  finds tha t  

(~) i l e [ 2 " ~)F~~ 
% ~ ( k ~ )  - - { day v~ (B9)  

m . oJ - -  k �9 v 

and  

(e) , 'L ,  t.O tl ) 

l e i:' v~ i a aF~~ _:_ 
- 2 m 2  .I d3v r - -  k �9 v i-~-v~- ~o" - -  k"  �9 v ' &',  ~ o ' - -  k ' ' v i  

(B.IO) 
F r o m  our  ear l ier  e l e c t r o d y n a m i c  s tudy,  (s~ we found  tha t  

(~,) ~b' -. ~o") i % ( m '  ~ oY') q , , A K ,  k";  ~o', ( B , 1 1 )  

(eJ , and  T h e n  u p o n  e l imina t ing  %,~(c) be tween  (B.10) and  (B.I I) in f a v o r  o f  q ,~ 
t ak ing  the long i tud ina l  p ro jec t ion  o f  the  result ,  one  u l t imate ly  ob ta in s  the 
s y m m e t r i z e d  (with respect  to  p r i m e - d o u b l e - p r i m e  in te rchange)  re la t ion  

(~) . . . .  6o") - i i e :5 1 ! ~" k" �9 6F~~ 
~ . ~ ,  k"; o~', 2~o,;,?k [ d~v i k'' . oJ - -  k " v  Ov 6o" --  k"  " v  

e k'  �9 ~F~~ 1 
- -  k" �9 - -  

~ v  ~ ' -  k ' ' v !  

ifl i e l 3 " l i ~ F~~ " " v)  
- -  2 % m , k k ' k "  [ dav ~ k ' "  Z o " -  -k 7; �9 . ~ .... k " v  bv  - -  " v  

F~~ ' �9 } k". e ~ _ k v )  i v  - v  (B.12) 
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H ence  in the  stat ic (co' --+ O, co" ~ O) l imit ,  

e~)L(k ', k"; o /  = 0, co . . . . .  0) - -  2-~0kkTk~, 

/3~ l e ?  
~7~'(k', k") - -  2eokk,k.  

F o r  the ion  gas, one  can  s imi lar ly  show tha t  

~2Z'2 :i 3 "q~'(k', k") - -  . [ e .  n 
2%kk'k" 

Hence  the comple t e  express ion  is 

1 
~(k) ~(k') ~(k") 

~(k) ~(k') ~(k") 
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(B.13) 

(B.14) 

n"(k',  k") = (1 - -  Z ~) ~ i e ~ l 
2~okk'k" E(k) E(k') E(k") (B.I 5) 

A C K N O W L E D G M E N T  

W e  are  happ y  to a c k n o w l e d g e  useful  an d  en joyab le  conve r sa t ions  with 

P rad ip  Bakshi .  
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